
 

MATH 2050C Lecture 13 Mar 2

Last time subsequences

et Xu he Xi Ka 713 K4 Ks Kb 27 KS Xu

Take natural no hi hz L Ns L NycMssNb C Strictlyincreasing

avg subseq Ink ke Xn Xue Kus Kirk

Thm kn x ANY subseq Kuk K

1hm Xu does NOT converge to X

7 Eo o and a subseq Ink Et

I Kuk k l 3 Eo V k C IN

Recall MCT xn bdd monotone can convergent

E.g kn C 1 bdd but Not monotone Not convergent

Q what if xn is ONLY bold

compactness

Bolzano Weierstrass Thm BWI MATH30701

xn bdd 7 Subseq Ink which is convergent
But not unique

Example Xn C 1 has a convergent subseq

namely Kak 1,1 1,1 1

another choice Kak1 1 1 1 1 1



Proof We will prove it using Nested Internal Property NIP

Recall I Z Iz 2 Is 2 nested closed d bold

E a ol IT YE

Goal Construct In inductively satisfying thehypothesis above

Given a bold seq Xu by def 7 M so s t 13calE M theN

i e th EN kn E M M I Cai b

N'lymans kn
M IL L L t t m

a o o o e e

ay Ib
7 B

Ar Iz bz
Do method of bisection

A t b lConsider the midpoint 2
then

Case1 a
a't

contains infinitelymany terms of Gcn
a tb

choose Iz a 2 Caz.bz

Case2 Otherwise

choose Iz a zb b az.bz

Aztbe
Repeat theprocess take a midpt 2

choose I3 as.bz

Inductively we obtain a seqof internals

I Z Iz Z Iz Z Ice 2 nested closed bad

St each In contains infinitelymany terms of Gcn

Length In 2277 o as in a



By NIP If In 133

Claim 7 Subseq Kuk 3

Pf Take any Xh E I then since Iz contains

infinitelymany terms of Gcn

and we can choose he n Et Xn G Iz
M keep on doing this we obtain h C n z C n z ca n Srt

Ink C Ik Car be V K G IN

i e Ai E Xun E b k V k C IN
oo

Now N In f himAk limbic
n

By SqueezeThin we have Efim Xue

As an application of BWT we prove

PIP Let caul be a banded sequence
Xu X 4 7 ANY convergent subseq acne has him Kuk X

mm mm k sa

proofs DONE

Suppose NOT ie Gen does Not converge to SC

By earlier then 7 Eo 20 a subseq Ink Et

IXnk 3C I 3 Eo tf k C IN Ct

ByBWT Kuk bold 7 Convergent subseq GCnkele of Genk

C xn bdd which is also a subserfof Gcn u

Byhypothesis lim knee 2C Contradicting I
e so is



Subsequential limits limsup d liminf

Q Given a bold seq Xu what is

L E IR I subseq Gene of Gcn at Lima knee L

Example If lim Cun x then I x

Example Xn C 11 then I f 1 1

Remark BWT LF 01
Xn bdd I M so s.tl Xn I E M t n c IN

So any convergent subseq Kirk satisfy

M E Kuk E M t k C IN
as ksoo

M E L E M
BWT

ie L E C M MJ is bold subset of B

By completeness of Rs Inf L sup L both exist

Def'd Limsup Gen lim Gcn sup L

liminf Gcn lim Gcn inf L

7hm et Xu be a bold seq Define another seq Um by
Um a Sup f kn f n s m for each m l 2,3

THEN Um is a decreasing seq with

him um inf f un I m cin lim xn
in a



Proof Recall S E Sz supS E supSa

Xu Xi Xz 73 Xy Xs Xn

sup Ui sup Uz

V ME IN f kn I na m 3 I f un I n m 11

takesup Um 3 Um 11

So Um is decreasing and bold C xn Bdd

By MCT lim Lum inf Umi me IN
m 1A

Claim 1 olim xn E lim Lum

PI Recall lim xn sup L Let l E L then bydefs

7 Subseq Ink l By def1 of Um when in Mk

Hnk E Un Supf Xu Ina nk FREIN

let k D l E lim Lune lim Um
ki a man

L Uni is a sassy of

Claim2 olim xn 3 lim Um the convergentseq Um

PI Want to show lim Lum E L

We have to find a subseq Ink of Xn at

Xue lim Eun

Choose Ni 31 sit U 1 C Xn f U I i supf Un Ina 13

Choose Nz N st U l c kn f U i supf UnIna.no
me I 2 Nitz



Do t inductively we can choose n ch z ch z C

St
Unkt I k 1 nice E U nee I t k CIN

Take k 100 above by Squeeze Thin

I lim knee bin cam E L
b

Remarks

i binGen lim Cun E L

Iii lis xn lim Cun always exist BUT not limGen

provided that xn is bold

iii olim scut Tal E einGen thin C9n PI Exercise1

c f limit thins

Midterm UP TO HERE


